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Simple maths reminder

whatever your question 
– model possible answers
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x = mandible size; y = tooth height
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Allometry reminder



Most biologists consider body mass the most 
important characteristic of an organism. It is also 
(mostly) easy to measure. 
All morphological and physiological traits scale 
somehow with body mass.
"Scaling is interesting because, aside from natural selection, it is one of the few 
laws we really have in biology." John Gittleman

Scaling: fundamental (conceptual) relevance 
of body mass       



Morphological, physiological and life history variables 
scale with body mass.

Allometries

Linear scaling:   y = a BM1.0 or log y = log a + 1.0 log BM

Whenever you express something in % body
mass, you imply (whether you know it or not) 

linear scaling !

Think before you express anything in % body
mass!

If you express something in % body mass
without having tested whether the underlying

relation is linear, it is your fault!



Morphological, physiological and life history variables 
scale with body mass.

Allometries

Linear scaling:   y = a BM1.0 or log y = log a + 1.0 log BM

Allometric scaling: y = a BMb or log y = log a + b log BM

(allometric scaling mostly explained by geometry – e.g. surface-
volume ratios, distribution networks etc.)

6:1 24:8=3:1



Geometric scaling
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Morphological, physiological and life history variables 
scale with body mass.

Allometries

y

x (body mass)

double-logarithmic space



Morphological, physiological and life history variables 
scale with body mass.

Allometries

(Calder 1983)



Using allometric relationships to extrapolate data for 
other species.

Using allometries



Using allometric relationships to compare different 
animal groups.

Using allometries
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Using allometries: a call for caution
The probably most-often committed fallacy in 
ecophysiological manuscripts:
Metabolic rate = requirements

scale to BM0.75

This can be expressed in three different ways:



Using allometries: a call for caution

1. larger animals have higher absolute requirements (in joules (per 
day))

2. larger animals have lower ‘mass-specific’ requirements (in joules per 
kg (per day))

3. all animals have the same requirements (in joules per kg0.75 (per 
day))

The choice of words very often depends on a rhetoric 
argument, as if ‘higher’ had any relevant meaning.

1 2 3
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The plant and animal species domesticated for human food 
supply represent only a small fraction of global biodiversity. 
Of around 370,000 extant flowering plants1, only 1,000–2,000 

have undergone some form of domestication for that purpose2–4. 
Similarly, humans have domesticated 20–31 species of mammals 
for food5,6, from ~5,400 species contemporary to late Palaeolithic 
people7. The taxonomic distribution of species used for farming 
seems non-random5,8, such that certain families include numer-
ous domesticated species (for example, grasses and legumes among 
flowering plants, and bovids and camelids among mammals), while 
many others contain none. An uneven phylogenetic distribution 
of the species that became domesticated would imply that certain 
combinations of phenotypic traits are more adaptive for husbandry, 
if these traits are phylogenetically conserved9. However, global 
comparative analyses between domesticates and wild relatives are 
rare10–12 or consider taxonomically and/or geographically restricted 
groups of species13,14. Filling that gap would direct agricultural  

sciences towards the phylogenetic groups and traits that could be 
pursued for new food sources. In addition, investigating such pat-
terns at a global scale, while explicitly linking phylogenetic and trait 
distributions, would highlight the usefulness of the tools and con-
cepts of evolutionary ecology to address questions at its interface 
with agricultural sciences and archaeology.

The phenotypes of current livestock and crops are the result of 
early domestication processes and millennia of unconscious and 
deliberate selection under farming15. Evolution under farming has 
caused the traits of domesticated species to change under shift-
ing selective forces13. For example, local breeding preserves DNA 
mutations that would otherwise be eliminated by natural selection 
and thereby offset the sampling effects of early farming4. In fact, 
diversifying selection has promoted remarkable variance in the 
size of crop seeds or in animal coat colours5,16. Conversely, direc-
tional selection for productivity has resulted in the convergence 
of a number of livestock and crop traits, that is, the domestication  
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No evidence for di!erent metabolism in 
domestic mammals
Recently, Milla et al.1 concluded that 
“livestock species are relatively large mammals 
with low basal metabolic rates, which indicate 
moderate to slow life histories”. While 
this claim may appear counterintuitive—
production animals should be characterized 
by fast growth, a feature of a comparatively 
fast pace of life—the analyses performed 
in that study do not allow any claims to be 
made with respect to the comparative level of 
metabolism in domestic species.

When comparing one measurement that 
depends on another between two groups of 
organisms, such as absolute or mass-specific 
metabolism, which depends on body mass,  
it is the nature of the relationship between 
the measurements that must be investigated 
(for example, in a linear model in which 
‘group’ is used as a co-variable), not the 
differences between measurement averages 
of the two groups.

Figure 1a,b shows two idealized groups 
that vary in the body mass range of their 
individuals, but not in the level of metabolism, 
arbitrarily set to 293 kJ per kg0.75 per day  
(as in ref. 2). In log–log space, both the slope 
and the intercept of their respective regression 
lines are identical (as indicated by the gray 
and dotted red regression lines). However, 
owing to the difference in body mass range 
in these groups, they distinctly differ in the 
average level of metabolism that is calculated 
as the mean of all individual group data 
points (the squares in Fig. 1a,b; Fig. 1b 
corresponds to Fig. 3a in Milla et al., and the 
squares represent the boxplots of Fig. 4b in 
Milla et al.). Comparing these averages when 
detached from the underlying body mass 
is meaningless. Therefore, any conclusions 
drawn by Milla et al. as to whether livestock 
species are characterized by a low or high level 
of metabolism are premature.

When dealing with the phenomenon  
of metabolism, one can use three different 
units: absolute metabolic rates (joules 
per day, refer to Fig. 1a), ‘mass-specific’ 
metabolic rates (joules per body mass and 
day, refer to Fig. 1b), and relative metabolic 
rates (joules per metabolic body weight and 
day, refer to Fig. 1c). Note that the reference 
frame can be chosen to facilitate any possible 
statement3: large animals have higher 
absolute metabolic rates (Fig. 1a), larger 
animals have lower ‘mass-specific’ metabolic 
rates (Fig. 1b), or relative metabolic rates  
do not change with body mass (Fig. 1c).  

The choice of the reference unit may be 
driven by the desire to make a certain 
rhetorical argument. The only unit that 
would, in theory, allow a reasonable 
comparison of the calculated average levels 
of metabolism is one that applies the correct 
‘body mass correction’ based on the actual 
body mass scaling in the dataset; in the 
model example, that is metabolic body 
weight (Fig. 1c). !
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Fig. 1 | Three different methods of displaying the same model dataset of two groups of animals. The daily 
basal metabolic rate, calculated for each individual’s body mass as 293 kJ per kg0.75 per d, is shown for 
groups A and B (representing the wild and domesticated species in Milla, et al.1). a–c, Results are displayed 
as absolute metabolic rates (kJ per d) (a), mass-specific metabolic rates (kJ per kg per d) (b), and relative 
metabolic rates (kJ per kg0.75 per d) (c). The squares indicate the average calculated from the individual data 
points of the datasets. Note that although both groups follow an identical pattern of metabolism with body 
mass, the calculated averages differ in a and b, suggesting a higher (a) or lower (b) level of metabolism for 
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Using allometries: a call for caution

Any scaling can only be used as an 
argument if it is compared to another 

scaling !
e.g.

“Larger animals have lower ‘mass-specific’ 
requirements – therefore they can use lower-quality 
food.”

no comparison to other scaling!

Does intake also scale like requirements?
Does gut capacity scale like intake?



Using allometries: a call for caution

Any scaling can only be used as an 
argument if it is compared to another 

scaling !

Do not trust one-scaling statements.



Using allometries: a call for caution

A difference in the scaling of two 
characteristics has a promising potential 

to explain diversification and niche 
differentiation along a body size 

gradient!

If x ~ BM0.95 and y ~ BM0.75 , it follows that with increasing body size, 
the difference between x and y increases => a systematic shift in 
animal design along the BM gradient.
Larger animals have more x per y. This could allow them to use a 
different niche than smaller animals.



Morphological, physiological and life history variables 
scale with body mass.

Interpreting allometries

y

x (body mass)

The scaling pattern is 
often interpreted as a 
‘biological law’ (based on 
physical principles). 



Morphological, physiological and life history variables 
scale with body mass.

Testing for allometries

y

x (body mass)

Intercept
Slope
overall P for regression



Testing for allometries

Trait A

Tr
a

it
B

OLS   P = 1.00 slope (exponent) = 0
intercept ≈ constant



Testing for allometries

Trait A

Tr
a

it
B

OLS   P < 0.001 slope (exponent) =
b (95%CI b-1.96SE; b+1.96SE)
intercept =
a (95%CI a-1.96SE; a+1.96SE)

y = a xb



Phylogenetic statistics



Conventional regression analysis assumes 
independence of data points.
But this is violated by phylogenetic relationships.

Comparative statistics

y

x (body mass)



Conventional regression analysis assumes 
independence of data points.
But this is violated by phylogenetic relationships.

Therefore, we perform allometric analyses also with 
accounting for phylogeny, using PGLS (Phylogenetic 
Generalized Least Squares).

Results mostly did not differ from conventional 
statistics in a relevant way, but the intensive use of 
comparative statistics (also with additional examples) 
led to formulation of some concepts new to 
ourselves.

Comparative statistics



Three (of many) important test statistics:

Intercept a: mainly significant if 95%CI does not 
include 0

Slope b: significant if 95%CI does not include 0; 
indicates non-linearity if 95%CI does not include 1

Pagel‘s lambdaλ: if 95%CI includes 0, then there is no
phylogenetic structure in the dataset.
Does not decide whether the relationship is
significant or not, but whether phylogenetic statistics
need to be used or not.
Assumes Brownian motion; other measures of phylogenetic structure
assuming other evolutionary scenarios exist.

Comparative statistics



Type I error: you find a relationship where there is 
none (but it is caused by the phylogenetic structure 
of the data)

Type II error: you overlook a relationship where there
is one (evident when you account for the
phylogenetic structure of the data)

Just an error: you estimate a different parameter
(e.g., allometric slope) depending on whether you
account for phylogeny or not

Comparative statistics - errors



Pagel‘s lambda( λ) examples



Trait A

Tr
ai

tB
Accounting for phylogeny

from Dittmann et al. (2015)
Trait A

Tr
a

it
B

λ = 0
OLS   P = 1.00
PGLS P = 1.00 no error!



Trait A

Tr
ai

tB
Accounting for phylogeny

from Dittmann et al. (2015)
Trait A

Tr
a

it
B

λ = 1
OLS   P = 1.00
PGLS P = 1.00

no error!



Trait A

Tr
ai

tB
Accounting for phylogeny

from Dittmann et al. (2015)
Trait A

Tr
a

it
B

λ = 1
OLS   P = 1.00
PGLS P = 1.00 no error!



Trait A

Tr
ai

tB
Accounting for phylogeny

from Dittmann et al. (2015)
Trait A

Tr
a

it
B

λ = 1
OLS   P < 0.001
PGLS P < 0.001

no error!

no difference in 95%CI for
intercept or slope expected



Example I: gut contents

from Müller et al. (2013) CBP A



Trait A

Tr
ai

tB
Accounting for phylogeny

OLS *
PGLS *

no difference in 95%CI for
intercept or slope expected

from Clauss et al. (2013)

λ = 1

no error!



Example I: gut contents

from Müller et al. (2013)

OLS: 0.03 (0.025-0.032) BM0.93 (0.90-0.96)

PGLS: 0.03 (0.010-0.075) BM0.92 (0.85-0.98)



Example II: basal metabolic rate

from Müller et al. (2012)



Trait A

Tr
ai

tB
Accounting for phylogeny

OLS *
PGLS *

wider 95%CI for intercept
expected in PGLS

from Clauss et al. (2013)

λ > 0

no error?



Example II: basal metabolic rate

from Müller et al. (2012)

OLS: 2.38 (2.37-2.40) BM0.72 (0.71-0.73)

PGLS: 2.25 (2.05-2.44) BM0.73 (0.71-0.75)



Example III: retention/digestibility

from Müller et al. (2013)



Trait A

Tr
ai

tB
OLS *

PGLS n.s.

Accounting for phylogeny

from Clauss et al. (2013)

λ = 1
Type I error !



Example IIIa: retention/digestibility

from Müller et al. (2013)

OLS: significant
PGLS: not significant



Example IIIb: fecal particle size

from Clauss et al. (2015)



from Carbone et al. (2014)



Trait A

Tr
ai

tB
OLS *

Accounting for phylogeny

from Clauss et al. (2013)



Trait A

Tr
ai

tB
OLS *

PGLS (*)

Accounting for phylogeny

from Clauss et al. (2013)

λ = 1
just an error?
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Example IV: Bergmann’s rule

from Clauss et al. (2013)



Trait A

Tr
ai

tB
Accounting for phylogeny

PGLS *

OLS n.s.
wider SE or 95%CI for intercept
but narrower one for slope
expected in PGLS

from Clauss et al. (2013)

λ = 1 Type II error !
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Example IV: Bergmann’s rule

from Clauss et al. (2013)

OLS: 2.19 (±0.03) - 0.0012 (±0.0013) Lat.
PGLS: 2.79 (±0.47) + 0.0016 (±0.0005) Lat.



0"

1"

2"

3"

4"

5"

6"

7"

0" 10" 20" 30" 40" 50" 60" 70" 80"

Lo
g$
Bo

dy
$m

as
s$(
g)
$

Median$la2tude$(°,$absolute)$

Whole"dataset"

Ar6odactyls"

Example IV: Bergmann’s rule

from Clauss et al. (2013)

OLS: 2.19 (±0.03) - 0.0012 (±0.0013) Lat.
PGLS: 2.79 (±0.47) + 0.0016 (±0.0005) Lat.
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Example IV: Bergmann’s rule

from Clauss et al. (2013)

OLS: 2.19 (±0.03) - 0.0012 (±0.0013) Lat.
PGLS: 2.79 (±0.47) + 0.0016 (±0.0005) Lat.
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Example IV: Bergmann’s rule

from Clauss et al. (2013)

OLS: 2.19 (±0.03) - 0.0012 (±0.0013) Lat.
PGLS: 2.79 (±0.47) + 0.0016 (±0.0005) Lat.



0"

1"

2"

3"

4"

5"

6"

7"

0" 10" 20" 30" 40" 50" 60" 70" 80"

Lo
g$
Bo

dy
$m

as
s$(
g)
$

Median$la2tude$(°,$absolute)$

Whole"dataset"

Ar6odactyls"

Bovidae"

An6lopinae"

Caprinae"

Example IV: Bergmann’s rule

from Clauss et al. (2013)

OLS: 2.19 (±0.03) - 0.0012 (±0.0013) Lat.
PGLS: 2.79 (±0.47) + 0.0016 (±0.0005) Lat.



Example V: Gestation time

from Clauss et al. (2014)



Trait A

Tr
ai

tB
Accounting for phylogeny

OLS *

PGLS *

wider 95%CI for intercept but 
narrower one for slope
expected in PGLS

from Clauss et al. (2013)

λ = 1
just an error ?



Example V: Gestation time

from Clauss et al. (2014)

OLS: 21.5 (19.9-23.3) BM0.19 (0.18-0.20)

PGLS: 52.4 (41.3-66.3) BM0.09 (0.08-0.10)



Trait A

Tr
ai

tB
OLS *

PGLS *

Accounting for phylogeny

from Clauss et al. (2013)

λ = 1





Trait A

Tr
ai

tB
OLS *

PGLS *

Accounting for phylogeny

from Clauss et al. (2013)

λ = 1
just an error ?





A deadly sin ? – No !

A comparison of OLS and PGLS results is an 
important tool for understanding the structure of 
the data! (irrespective of which is the ‘correct’ 
one) because the two make very different 
assumptions about the data



Just test it !
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E D I TO R I A L

Phylogenetic signal in tooth wear? A question that can be 
answered—By testing

In a recent study, Fraser, Haupt, and Barr (2018) demonstrated that 
not only diet, but also tooth wear data show a phylogenetic signal. 
In the abstract, the authors state that “We suggest that morphologi-
cal traits inherited from ancestral clades (e.g., tooth shape) influence 
the ways in which the teeth wear during mastication and constrain the 
foods individuals of a species can effectively exploit [my emphasis].” 
This interpretation not only suggests that phylogeny-driven tooth 
shape influences the food that can be exploited—which would not 
be the real bone of contention about whether phylogeny needs to be 
accounted for in using tooth wear. It additionally hints, in the bolded 
part, at the possibility that some phylogeny-related traits influence 
the way a food leaves wear traces on teeth. And this is the real bone 
of contention: that the same food might lead to different wear pat-
terns in different species.

However, Fraser et al. (2018) did not test this—in order to do 
so, they would have had to test diet data versus wear proxies with 
and without accounting for phylogeny, recording whether there 
was phylogenetic signal in the association between the two. Such 
a test was actually published, in a less systematic way and without 
using statistics that formally account for phylogeny, by Mihlbachler, 
Campbell, Ayoub, Chen, and Ghani (2016), who showed that rumi-
nants and perissodactyls, considered similar in the diet they ingest, 
did not show identical tooth wear patterns.

As a response to Fraser et al. (2018), DeSantis et al. (2018) dwell 
on the former implication—that phylogeny separates species of dif-
ferent diet niches, and that therefore the diet = tooth wear measure 
will necessarily contain a phylogenetic component. “Controlling” for 
this phylogenetic component, they argue, therefore obliterates the 
ecological diet signal. DeSantis et al. (2018) use the example of a 
hypothetical mammal community that consists of only two kinds of 
taxa—one taxon being herbivores and the other being carnivores, 
with classical differences in dental morphology as only the carni-
vores have a carnassial—and explain why in such a dichotomic situa-
tion, correcting for phylogeny, when correlating dental morphology 
and diet, will lead to a nonsignificant result. This example is simi-
lar to the classic introduction to phylogenetic statistics by Garland, 
Dickerman, Janis, and Jones (1993) with the surprising result that 
when controlling for phylogeny, home range sizes between carni-
vores and ungulate herbivores do not differ statistically (whereas in 
reality, in terms or square meters per body size, they do), or to the 

fact that because baleen filter feeding evolved in only one cetacean 
lineage, there is a clear negative relationship between body size and 
prey size in marine mammals in normal statistics, but not when con-
trolling for phylogeny (Carbone, Codron, Scofield, Clauss, & Bielby, 
2014). All these examples have in common that an ecological dichot-
omy (tooth morphology, home range size, and prey size) parallels a 
phylogenetic dichotomy (Carnivora vs. Ungulata, marine mammals 
vs. Mysticeti). The comparison of “conventional” statistics (signifi-
cant in such cases) and phylogenetic statistics (nonsignificant in such 
cases) is relevant, because it reveals the phylogenetic structure of 
the data. The result could only be considered “noninstructive” if 
“nonsignificant” in one of the analyses was by default equated to 
“biologically irrelevant,” but we all know that we have to keep sta-
tistical significance and biological relevance apart when interpreting 
data. A “nonsignificant” result can have a very relevant meaning. If, in 
these three example datasets, a carnivorous and a herbivorous life-
style with different tooth morphology or home range sizes, or filter 
feeding, would not only have evolved at a single crucial node of the 
underlying phylogeny, but if the data would include various lineages 
in which carnivores and herbivores, or filter feeding, had evolved in 
ecological convergence, then testing the corresponding dataset with 
phylogenetic statistics would not only be just as relevant, but would 
have the power to reveal whether the one ecological convergence 
(trophic level and filter feeding) is paralleled by another morpholog-
ical or ecological convergence (tooth morphology, home range size, 
and prey size), or whether in spite of convergence in the one, there 
is no convergence in the other. Whether “nonsignificance” indicates 
“biological irrelevance” depends on the question asked, the statis-
tical method, the sample composition, and the sample size. Many 
datasets are not composed of, and do not answer questions based 
on, simple dichotomies, but of more complex data structures, such 
as browsing and grazing feeding types that occur in various ungulate, 
rodent, and macropod lineages.

With respect to tooth wear, DeSantis et al. (2018) do not criti-
cally reflect on the implication that the same diet might cause dif-
ferent wear in different species. They understand tooth wear as a 
“function-driven method,” and equate it with an x-ray machine that 
will always detect knives carried by a virtual family at an airport se-
curity check. What they overlook in this example is that, to stay in 
the metaphor, phylogeny, or species-specificity, could (but would 
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Directionality in Evolution:

Allometries as snapshots in 
evolutionary time



Biology: fixed laws ?

"Scaling is interesting because, aside from natural 
selection, it is one of the few laws we really have in 

biology." John Gittleman



Biology: fixed laws ?
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Why would you consider 
this a pattern due to fixed 
life history tradeoff laws, 
and not rather a 
snapshot in a process of 
optimization?

You would not consider 
the overall pattern a fixed 
law, but consider it with 
respect to technical 
progress. 



Morphological, physiological and life history variables 
scale.

y

x

The question is:
What factors influence the 
scatter of the data?
The underlying fundamental 
question is:
What are the causes (and 
patterns) of diversity?

Interpreting scaling



Morphological, physiological and life history variables 
scale.

y

x

Specific 
niche where 
high relative 

y is 
adaptive.

Specific 
niche where 
low relative 

y is 
adaptive.

Traditional approach: 
Deviations from the regression 
line are interpreted as 
adaptations (e.g. to specific 
resources or habitats). 

Interpreting scaling





y

x

More recently radiated taxa 
have a lower y. Is evolution 
‘directed’ towards low y?

Is there a systematic phylogenetic structure in the 
dataset?

Interpreting scaling



y

x

High y a 
potential 

factor in the 
extinction of 

species?

Is there a systematic phylogenetic structure in the 
dataset?

Interpreting scaling



y

x

Low y a 
contributing 

factor for the 
diversity of 

species?

Is there a systematic phylogenetic structure in the 
dataset?

Interpreting scaling



y

x

Is there a systematic phylogenetic structure in the 
dataset?

Interpreting scaling: snapshots

In this scenario, the scaling is a 
snapshot in evolutionary time. 
The scaling would have been 

different at different moments in 
evolutionary time (depending 

on extinction and radiation 
events)



A clear picture for gestation length



For any mammal, achieving the same degree of neonatal 
development in a shorter gestation period – if not associated with 
higher costs – should be advantageous (higher fecundity due to 
shorter generation times).

Days of gestation period (to apparently similar level of 
precociality) 

Cattle: app. 280 days 
Horse: app. 340 days 
Dromedary: app. 390 days
Okapi: app. 440 days 

The difference cannot be due to body size!

(Precocial) Mammal gestation period



Rather than understanding tradeoffs along the fast-slow 
continuum as fixed physical laws, they can be considered as 
representing the efficiency of the organisms from which the 
data was taken – and that efficiency may evolve.


